Notes for ECE 635 (Based on Salehi’s Book, Andrews 2005 and my own notes and papers) HTE -4.10.2011
General
A monochromatic optical wave propagating in free space (vacuum) with constant refractive index spatially and temporally, is given by

U(R,t)=U (R)exp(j2~ft) (GY)

where R = (r,¢, z) in cylindrical coordinates or R = (x, Y, z) in Cartesian coordinates. t indicates time dependence. This propagation is
governed by the following differential equation

2
ViU (R,t)—czwzo G2)

where Cis the speed of light in free space. Since the time dependence in (G1) is in the form of an exponential function, then (G2) reduces to what is
known as Helmholtz equation, expressed as

(V?+k*)U(R)=0 (G3)
where k =27/ 4is the wave number with A being the wavelength. For the propagation along positive z direction, if we write for the
U (R)=u(r)exp( jkz) (G4)

with r=(r,¢) then (G3) turns into the following paraxial wave equation (PWE), after the omission of the second derivative of u(r)with respect

2
to z,i.e.,au—(zr)—w
0z
2 2 2
lﬁ{rau(r)}r%a uz(r)+2jkau(r):o 0 u(zr)+lau(r)+iza uz(r)+2jk6u(r):0 (©5)
ror or r- o¢ oz or r or r- o¢ 0z



ou(r
+2jk a( ) =0 PWE in Cartesian coordinates (G6)
z
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1. Beam Types

Now we present various beam types on source plane, i.e. z=0. For the source coordinate representation, we choose S, so r is the coordinate

for receiver plane, s:(s,¢s) for cylindrical coordinates,s:(sx,sy) for Cartesian coordinates . Hence below, us( ) represent the field on the

source plane.

1) Fundamental Gaussian Beam
Us(s.ds )= A exp(—kasz) in cylindrical coordinates (1.1a)
U (55,8 ) = A exp[—O.Sk(axsf + aysf,ﬂ in Cartesian coordinates (1.1b)
where A.is the amplitude coefficient, k =2~/4 is the wave number with 1 being the wavelength, «=1/(ka?)+0.5j/F, where o and F,

respectively refer to radial Gaussian source size and focusing parameter, j=+/~1. Similar definitions apply to Cartesian case. Note that in

cylindrical coordinates, there is no ¢, dependence, thus perfect angular symmetry.

2) Bessel Gaussian Beam

us(s.ds )= AJ, (aBs)exp[—(kas2 + jng, )J in cylindrical coordinates (1.2)



where J, () is the first kind Bessel function having an order n, ag is the width parameter. The Cartesian coordinate version of Bessel Gaussian

beam is rarely used.

3) Modified Bessel Gaussian Beam
Us(s.ds)=Al, (aBs)exp[—(kozs2 + jng, )J in cylindrical coordinates (1.3)

where 1, ( ) is the modified Bessel function having an order n.

4) Higher Order Sinusoidal Hyperbolic Gaussian Beam

In cylindrical coordinates (without higher order, i.e. Hermite polynomials)
N

u,(s,8,)= Y A exp[ —ka,s® +(sing, +cosg, ) D,s] (1.4a)
(=1

In Cartesian coordinates
N

U, (s,.8,) =D AH, (8,5, +b, )exp[—(O.SkozX{sx2 -D,s, )]H » (s, +by, )exp[—(O.Skay[sj -D,s, )] (1.4b)

(=1

where Dis the displacement parameter, H, is the Hermite polynomial of order n.



5) Laguerre Gaussian beam

In cylindrical coordinates

m
2 . . 2s?
)2 (et 12 [—j 159
O ag
In Cartesian coordinates
(Sx+jsy) " .\m 2 N\, m| SE 55
Us (508, ) = A 22| () exp[—O.Sk(axsX+aysy)]Ln S (1.5b)
Asc SX asy

where ag, =ag =ay,, Ly () is Laguerre polynomial with radial mode number n and angular mode number m.

6) Higher Order Dark Hollow Beam (incorporating flat topped and annular Gaussian beam)

In cylindrical coordinates (without higher order and rectangular profile)

w5132 [Aoo(kas)- ook

2 (P _1P )
S\ p g[p)(T)A‘ exp(—ka;s®)  (L.6a)

P
p=li

In Cartesian coordinates



P T 1)
U (sx, sy) H,(as,+b)H, (aysy +by)zz[P](TJ( ) {Aiexp[ —0.5k ( pa,S? +tsayls§)J—A2 exp [—0.5k ( pa,,S; +tsayzs§)J} (1.6b)
where a, and a,are the width parameters and b, and by are the displacement parameters for the Hermite polynomials H, andH,,
R T . . . . : . .
and are the binomial coefficients associated with the sums taken over R and T via the indicesrand t. t, =t whenT>1and t,=r if T

=1l q,= 1/(kasxl)+ j/F, with o, and F,; are respectively the Gaussian source size and the focusing parameter of the first beam.

In all cases, intensity will be related to the source field

s (5,6 ) =Us (S, s (S, 5) * indicating conjugate (1.7a)
Is(sx,sy) u (sx,sy)u (sx,sy) (1.7b)
I =15 ()/max[15( )] (1.7c)

Now we illustrate these beams graphically.



Source intensity plot for Gaussian beam with ag,=01cm
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Fig. 1.1 3D plots of Gaussian beams at different source sizes.

Source intensity plot for Gaussian beam with ag,=10cm
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Source intensity plot for Gaussian beam with ag = 0.1cm Source intensity plot for Gaussian beam with ag= 1.0cm
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Fig. 1.2 Contour plots of Gaussian beams at different source sizes.



Source intensity plot for a Bessel Gaussian beam with n=0 a = 100.0 mt Source intensity plot for a Bessel Gaussian beam with n=1 ag = 100.0 mt
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Fig. 1.3 3D plots of Bessel Gaussian beams at different beam orders.



Source intensity plot for a modified Bessel Gaussian beam with n =0 a, = 100.0 mt Source intensity plot for a modified Bessel Gaussian beam with n =1 aj = 100.0 m?
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Fig. 1.4 3D plots of modified Bessel Gaussian beams at different beam orders.



Gaussian beam a,=1.0cm D=0.0 cemt

205 205
~ N ~
AN
s 2
0 S 0
-2 = -2
1 S o«
S aus 2 -2 s,
X WXis in cm N
cos Gaussian beam ag = 1.0cm D =0.0+2.0i cm™®

Fig. 1.5 3D plots of sample (lowest order) sinusoidal and hyperbolic Gaussian beams.
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Gaussian beam ag = 1.0cm D=0.0cm
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Fig. 1.6 Contour plots of sample (lowest order) hyperbolic sinusoidal Gaussian beams.
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Source intensity plot for Laguerre Gaussian beam with n=1 m =0
T

a’f%ﬂll’,’z’}“s

—
=
RS

iy ]
%05
~ | |
0
-3
S s jy o 2 3 5\;0‘1“\9
Source intensity plot for Laguerre Gaussian beam with n=0 m =1
1 ey e
gw” oy S
= N -
- w,/tll:,'i‘ff&\\‘\‘\\\\\\\ |
L2

0 2277111 7> 2
3 I
- _ 0
L 0 ,(\cﬂ‘\
2 3*!;‘9\
S axis ; 3 Sy
X S in cm

Fig. 1.7 3D plots of sample Laguerre Gaussian beams.

Source intensity plot for Laguerre Gaussian beam with n=2 m =0

o
RN
ST

i e
0 = [ RSSS 2
T e B 7 e VSIS
3 S e a3 e e O T OO s
2 S T
1 == 0 o
0 e
1 2 o
2 3 B R
% axis 9
0cm ncm

A L7777,
Z 05 SR iﬁ’/«"ll‘,"?’f;::«
= Wil
T AR
TR e g o et VN AN NN
0 47 L77 A O T e
R RRREES 2
3, e ™
1 5 2222l é’:"..’:. 6&;:;';40 0 d(\
T, - 5
X Xis in cm Sy

12



el ans
- '-J._.l_.h-'- -..- .
'llllll
-~

1.0cm

a:

-
* anunnn®
-, aunnn®
-~y annt®
Ty gt
l- LR
s -_—

‘-- -'-l-'-'-
ttt‘ iy
.

3

Y T L

e
l-l--

s axisincm

0.9~
0.8~
0.7~
0.6~

0.5~
0.4~
0.3~

Fig. 1.8 Contour plots of sample Laguerre Gaussian beams.
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Fig. 1.9 3D plots of sample dark hollow beams (DHBS).
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Fig. 1.10 Contour plots of sample dark hollow beams (DHBS).

Exercise 1.1 : The plots in Figs. 1.1 to 1.10 are generated using the Matlab m files, Gaussian_SP.m, Besseljsource.m, Besselisource.m,
HypSino_SP.m, Laguerre_SP.m, DHbeam_s.m, available on the course webpage. Using these files identify the corresponding source parameters
used in the formulations (1.1) to (1.6) and find how the intensity changes by setting these parameters different from those seen in Figs. 1.1 to
1.10. Record these graphs to print them later as answers to this exercise.
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2. Test on PWE

Test on some beam types to see if they satisfy the paraxial wave equation.

A. Fundamental Gaussian Beam : After propagating a distance of z (in free space, i.e. no refractive dependence on spatial and temporal
axes), in cylindrical coordinates, the Gaussian beam becomes (excluding exp( jkz))

kar?
ur(r,z>=ur(r,¢r,z)=1+§;azexp(—l+2jazj 2
i . i . _ou(r,z) o%u.(r,z au. (r,z
To insert into paraxial wave equation, we need to find ra(r ), é(z )and % From (2.1), these are found as
r
5ur (r, Z) _ Ac —2kal’ ex _ kal’2 (22a)
or (1+2jaz)2 1+2ja2
2 - 2 2kar)? 2
0 ur(zl’,Z)zAc 2ka _exp| - kar. YA (2kar) _exp| - kar- (2.2b)
or (1+2jaz) 1+2jaz (1+2jaz) 1+2jaz
5 Y 2 0o 2.2 2
ur(r,z): 2ja exp| - kar. o 2lka’r _exp| - kar_ (2.20)
oz (1+2jaz) 1+2jaz (1+2jaz) 1+2jaz

Inserting the equations in (2.2) into the paraxial wave equation, i.e.

=0 (2.3)

2 2
0 ur(zr,z)+16ur(r,z)+iza urz(r,z)+2jk8ur(r,z)
or r or r o°¢ 0z

we can easily verify the result.

Example 2.1 : Alternatively, we test PWE in Matlab analytically (symbolically) and numerically as shown below (part of PWETest.m, available
on course webpage).
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clear all;clc ;close all;warning off all

symsazkrFirnaB AL Ds as asl as2

%%%% Field of a Gaussian beam wave after propagating a distance of z, excluding exp(jkz)
Ur = 1/(1 + 2*j*a*z)*exp(-k*a*r2/(1 + 2*j*a*z));

%%% derivatives of U_r wrt r (first and second orders) and wrt z

Url = diff(Ur,'r");Ur2 = diff(Url,'r");Urz = diff(Ur,'z");

Url = diff(Ur,'r");Ur2 = diff(Ur,'r',2);Urz = diff(Ur,'z"); %%% Alternative second derivative
PWE = Ur2 + Url/r + 2*j*k*Urz;simplify(PWE)

lamda = 1.55e-6;k = 2*pi/lamda;alfas = 1le-2;a = 1/(k*alfas"2); %%%% Inserting numeric values
z = 1e3;r = 1e-2;n = 3;Fir = pi/4;aB = 100;%%%% Inserting numeric values

PWE = eval(Ur2 + Url/r + 2*j*k*Urz) %%%%% Testing PWE numerically

After running the above piece of code, we get PWE = 0.

B. Bessel Gaussian Beam : After propagating a distance of z (in free space, i.e. no refractive dependence on spatial and temporal axes), in
cylindrical coordinates, the Bessel Gaussian beam becomes (excluding exp( jkz)and the amplitude factor, A, )

~ _—exp(=ing) | ja§z+2ak?r? agl
U (ri2)=ur (g 2) = — ex'{ 2k(L+2jaz) |\ 1+ 2jaz 24)

au, (r,z)

2
With the aid of MATLAB code PWETest.m, it is possible to find aura(rr,z) o (r.2) and

; o , then by inserting them into PWE again in
r

MATLAB code PWETest.m, we find that PWE is satisfied.
Example 2.2 : Test of PWE for Bessel Gaussian beam of (2.4) is done in the second section of PWETest.m, listed below
%% Bessel Gaussian beam

Ur = -exp(-j*n*Fir)/(1 + 2*j*a*z)*exp(-(j*aB"2*z + 2*a*k"2*r"2)/(2*k*(1 + 2*j*a*z)))*besselj(n,aB*r/(1 + 2*j*a*z));
Url = diff(Ur,'r");Ur2 = diff(Urr,'r");UrFi2 = diff(Ur,'Fir',2);Urz = diff(Ur,'z);
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PWE = Url + Ur2/r + UrFi2/r"2 + 2*j*k*Urz;

simplify(PWE)

lamda = 1.55e-6;k = 2*pi/lamda;alfas = 1le-2;a = 1/(k*alfas"2);
z = 1e3;r = 1e-2;n = 3;Fir = pi/4;aB = 100;

PWE = eval(Urrr + Urr/r + UrFi2/r"2 + 2*j*k*Urz)

2

. : : our
Example 2.3 : By rewriting (G5), with and without ;2 — 0, we get
z
. 0 0 e,
Helmholtz Equation : u(zr)+1 u(r)+i2 ( ) z(r)+21k u(r) =0 (2.5a)
or r or r’ o°¢ 0°z 0z
0 0 o°u 0
Paraxial Wave Equation (PWE) : u( ) 1 u( ) 12 ( )+2jkM:O (2.5b)
or? r or r’ 0% 0z

. . . . . olu(r :
As seen in (2.5) and indicated just above (G5), in Helmholtz equation, % # 0, whereas in PWE,
z

conduct the following test for Gaussian beam in PWETest.m.

Ur = 1/(1 + 2*j*a*z)*exp(-k*a*r"2/(1 + 2*j*a*z));

%%% derivatives of U_r wrt r (first and second orders) and wrt z

Url = diff(Ur,'r");Ur2 = diff(Url,'r");Urz = diff(Ur,'z";

Url = diff(Ur,'r");Ur2 = diff(Ur,'r',2);Urz = diff(Ur,'z"); %%% Alternative second derivative
Urz2 = diff(Ur,'z',2); %%% Extra term form Helmholtz Eq

PWE = Ur2 + Url/r + 2*j*k*Urz;simplify(PWE)

HE = Ur2 + Url/r + Urz2 + 2*j*k*Urz;simplify(HE)

lamda = 1.55e-6;k = 2*pi/lamda;alfas = 1le-2;a = 1/(k*alfas"2); %%%% Inserting numeric values
z = 1e3;r = 1e-2;n = 3;Fir = pi/4;aB = 100;%%%% Inserting numeric values

PWE = eval(Ur2 + Url/r + 2*j*k*Urz) %%%%% Testing PWE numerically

%Ur2s = num2str(eval(Ur2));

[Ur2 =" num2str(eval(Ur2))]

[Url/r =" num2str(eval(Url/r))]

o%u(r)

0%z

— 0, To see the effect of this term, we
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[Urz2 =" num2str(eval(Urz2))]
[2jkUrz =" num2str(eval(2*j*k*Urz))]

After running the above piece of code, we get
Ur2 = 413.3556+636.1574i

Url/r = 628.4353+425.0037i

Urz2 = 3.3446e-007-1.3213e-007i

2jkUrz = -1041.7909-1061.1611i

2 2
where, Ur2—>6 u(zr) , Url/r —>18u—(r) , Urz2 _)6UT(r) : 2ijrz—>2jk8u—(r) (2.6)
or r or 0’z 0z

. olu(r) . . . . .
As seen, the numeric value of ( ) is too small compared with the others, hence it is disregarded in PWE. Note that in the above case,

0%z
ou(r)

aZ

Gaussian beam is used, thus there is no variation with respect to ¢, this way, the term IS zero.

Exercise 2.1 : Prove that the Cartesian coordinate equivalence of the Gaussian beam given in (2.7) satisfies the PWE,either by modifying
PWETest.m or by writing your own code.

1 kaxrxz kayl’yz
u.(r,r,z)= EXp| — - - - 2.7)
f( xily ) 1+ jaXZ)0'5(1+ jayz)o'S 2(1+ joyz) 2(1+ Jayz)
2 2
Hint : Use (G6) given above, which is cu(r) 2 u(r)+2jk8u_(r):O

or? azrj

0z
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Exercise 2.2 : The final part of m file, PWETest.m is devoted to testing (lowest order) sinusoidal and hyperbolic Gaussian beam of (1.4a). Run
PWETest.m to see that the propagating versions of various beams contained in (1.4a) satisfy PWE.

3. Huygens Fresnel (HF) Integral

This integral is used to find the received field from a given source field. Below we give the expression for cylindrical as well as Cartesian
coordinates

. . 00272'

u, (r.¢.,2) :Jk+pz(]kz.[ j dsdg,sus (s, ¢S)exp{ék[ 2rscos(¢y — ¢ ) +5° + rz}} in cylindrical coordinates (3.13)
—jkexp(jkz) % % i

Uy 1.1y, 2) _%p(” [ ] dsdsyu (sx,sy)exp{;—t[—Zerx — 28,1, +S S5+ + rﬂ} in Cartesian coordinates (3.1b)

—00 —00

where the exp term in the integrand is the paraxially approximated Green’s function for spherical source. Note that HF integral in Cartesian
coordinates is uncoupled, that is x and y are separable, whereas in cylindrical coordinates, coupling exists between s and ¢, . This way HF integral

of cylindrical coordinates is a double integral, but if the source field expression is also separable in s, and s, that is U (sx,sy)= Ug (S, ) Us (sy)

then HF integral in Cartesian coordinates actually into the multiplication of two individual one fold integrals as shown below

ur(rx’ryyz):—jkex—p(jkz) p[lt(r +r )} [ ds,u (s )exp[%(—Zsyry +s§)} T dsxus(sx)exp{%(—Zerx +s§)} 3.2)

27z

Note that HF integral corresponds to convolution integral, in this sense it transforms beam on the source plane onto receiver plane.
Sample derivation for Gaussian beam

Gaussian beam expressions on source plane in both coordinates are

Us(s.¢s )= A exp(—kasz) in cylindrical coordinates (3.3a)

U (sx,sy ) =A exp[—O.Sk(axs + aysyﬂ in Cartesian coordinates (3.3b)
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By taking the cylindrical coordinates expression and inserting it into (3.1a), first we solve the integration over ¢, using

2z -
j d e exp[—l—k rscos( ¢, — ¢ )} =2rJ, [mj (3.4) This is a reduced version of 3.937.2 of Gradshteyn and Ryzhik 2007, pp. 496
0 z z

Then the remaining part of the integral over sis in the following form and can be solved via

0 - 2
jsds\]0 (Ej exp K—ka + J—kjsz} = ;_exp —L_ (3.5) This is areduced version of 6.631.4 of Gradshteyn and Ryzhik 2007, pp. 706
5 z 2z 2kaz - jk 2(4az-2j)

Collecting all terms and simplifying, the received field of Gaussian beam will be

exp( jkz) kar? . o
u.(r,g.,z)=A.———exp| -—— 3.6 Note exp( jkz) of Green's function is included
r(114r:7) A:1+21az p[ 1+2jaz (3.6 p(ike)

Now we work in Cartesian coordinates and apply HF integral (3.1b) to (3.3b). Take integration over sx which can be solved as follows

© . . 05 2
j ds, exp (—O.Skax +J—kj 53 L WSy | = 22—7[ exp —L_ (3.7) This is 3.323.2 of Gradshteyn and Ryzhik 2007, pp. 337
2z z ke, z — jk 22(ayz - j)

—00

Doing the same for s, , collecting other terms we get

U 1oty 2) = A, xp( k) exp{‘z(kaxrx T ] (38)

(1+ jaxz)o.s (1+ jayz)o's 1+ jayz) 2(1+ jayz)
(3.8) will become the same as (3.6) at ay =a, =2a, 17 +1; =12,
Exercise 3.1 : Verify (3.6) and (3.8) by showing the intermediate steps. Also verify that a, =a, =2a, 1 +r; =r?, (3.6) and (3.8) are identical.

Exercise 3.2 : From (3.6) and (3.8), find 1,(r,¢,,2)=u, (r,4,2)u; (r,¢,2) and Ir(rx, ry,z):ur(rx, ry,z)u:(rx, ry,z).
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Exercise 3.3 : Plot the 3D graphs of I, (r,¢,,2)=u, (r,¢,2)u, (r.¢,2) and I, (rx, ry,z)zuIr (1. 1y 2)ur (v, 1y, ), benefitting from Gaussian_SP.m.

4. ABCD Formalism

ABCD law defines in a matrix fashion, the combined transfer function of a propagating medium including optical elements on the way. For

instance, for the setup given in Fig. 4.1, the propagation path contains no optical elements

Source Plane ]
Receiver Plane
s r

ry
tyz
: : Z
/ E “““ tXZ . .
A1 0+ Propagation Axis
Aperture ba, B
z=0 z=1
\— _/
v
Free Space

Fig. 4.1 lllustration of free space propagation without an optical element on the path.

Hence

¢ o

1L
%
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For the general form of ABCD matrix, Huygens Fresnel (also known as Collins integral) integral will be in Cartesian coordinates, with a
rectangular aperture placed on the source plane with the dimensions shown in Fig. 4.1.

—ik ik fyaty, .
ue(r,z=L)= ] Z([pél z) I tJ'd2sus(s)exp{%[A(s§+s§)—2(sxrx+syry)+ D(rx2+ry2m (4.2)

tyl x1

This way B represents L, while C is not used. It is easy to see that at the limit of A=1 B=L, D=1 ty, t; > -, t,,, t,, >, (4.2) will become

identical to (3.1b).

The case of having an optical element on the way is illustrated below

Source Plane Receiver Plane
s r
Optical r
Box ’
> Z
A ) L2 Propagation Axis
Aperture
z=0 2=t
_/
v
Free Space

Fig. 4.2 Illustration of free space propagation with an optical element (optical box) on the path.
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Assuming the optical box is a thin (which means the lens occupies zero length along propagation axis) lens and denoting the transmission
apertures and the focal length of this lens as «, and F, such that ag =1/ (k) + j/ F,, we get the following ABCD matrix for this lens

A B 1 0
= . 4.3
(C D} {jae 1] (4.3)
Including the sections L, and L,, the whole ABCD matrix from z =0 upto z = L is obtained as
A B) (1 L) 1 0)1 L) (1+igL L+L(1+je,L)
= . = . ) (4.4)
C D) (0 1)jog 1)0 1 jo, 1+ jo,

As seen from (4.4), the multiplication is carried out in the reverse order.
Upon selecting the source beam to be the higher order sinusoidal hyperbolic beam, u, (r, = L) turns into (6) of the following reference

H. T. Eyyuboglu, “Hermite hyperbolic / sinusoidal Gaussian beams in ABCD systems”, Optik 118(6), 289-295 (2007).

5. Partially Coherent Sources
If a source has phase discontinuities either against time (temporal) or spatial coordinate axis, the it is said to be partially coherent.

Expressing these phase discontinuities in spatial domain, we write
0 (5) = us (s)exp| j9(s)] (5.1)

This way ug(s) corresponds to a fully coherent source, while T; (s) to partially coherent source. Considering that phase is meaningful, when

measured over two points, we define mutual coherence function T  and take the average of spatial variations of phase into an exponential
function as follows
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Tg (s1,52) = Us (s1)us (s2){exp{[ 19(s1) - 19(s2) ]}
= U, (sl)u:(sz)exp[—ﬂj (5.2)

2
20}

where o is the measure of spatial coherence of the source such that as o, — oo the source becomes fully coherent and when o, — 0, the source
will become fully incoherent. But for o to be effective, it has to be comparable to source size of the beam. Defining partial coherence in the
manner shown in (5.2) is known as Gaussian Schell Model (GSM).

It is possible to find the mutual coherence function on the receiver plane by using Huygens Fresnel integral in the following manner

r(rar L) =k /(22L) | [ dsd%sr, (sl,sz)exp{jk[|rl-sl|2 I, -sﬂ/(zL)} (5.3)

(5.3) will become a quadruple integral if x and y terms are written in full
1“rrrrL—k2 jk2222O“dedddl“
r( 1xe 'y foxs t2y )— m EXp Z(qx+qy_r2x_r2y) J‘ _[ _[ J. Six S1y Sox SZy s(slxisly’SZX’SZy)

1y~ly 2y=2y

><exp[21—ll(_(sfX — 20,8, +S;, — 20,8, — S5, + 21,8, —S;, + 21,8 )} (5.4)

Note that T', 1,1, I, F,,,L iscomplex as seen from (5.4), but at the setting of I, =r,, mutual coherence function becomes real and equal to

intensity, thus

| (r,L)="T,(r,r,L)=T,(r,r,.5r,L) (5.5)

y1ixs

As lab experiment we take m file called Transmittance635.m and find the intensity profiles of partially coherent Gaussian, sinusoidal hyperbolic
Gaussian and annular Gaussian beams at different settings of partial coherence parameter, propagation lengths.

Example 5.1 : In Figs. 5.1 and 5.2, we provide 3D and contours plots of such beams at selected source and propagation parameters.
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Exercise 5.1 : Using Transmittance635.m set the source and propagation parameters different from those listed in Figs. 5.1 and 5.2. Obtain plots

of these beams and comment on how the beam profile changes with the variations in these parameters.

cos Gaussian beam

Gaussian beam
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003 o, ““i
AR AR
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Fig. 5.1 3D plots of sample partially coherent Gaussian, sinusoidal hyperbolic Gaussian and annular Gaussian beams.
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Gaussian beam
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Fig. 5.2 Contour plots of sample partially coherent Gaussian, sinusoidal hyperbolic Gaussian and annular Gaussian beams.

Sample derivation for Sinusoidal Hyperbolic Gaussian beam

10

r axisincm

r axisincm

15

cos Gaussian beam

F

Slanted axis 1

10

r axisincm

annular Gaussian beam

r axisincm

By setting the source beam in cylindrical and Cartesian coordinates as follows (excluding the higher order property)

U (s,4,)= i A, exp| —ka,s” +(sin g, +cosg,) Ds |

in cylindrical coordinates

(5.6)
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u, (s, s, )= ZN: A exp[—(O.SkaX[sf ~-D,s, )} exp [—(0.5kay(sj ~D,s, )] in Cartesian coordinates (5.7)

xSy
(=1

Then adding partial coherence as described above, the mutual coherence functions will become

2

2 2 _
rs (Sl,¢ 182’¢SZ): expl:_ Sl +SZ 51;2 (;OS(¢51 ¢52)]iiAﬁ'1Alz exp[_kahslz _ka72822 +(Sln¢51 +COS¢31)DS/1S]-+(SIn¢Sz +COS¢52)D;252:|
O 1=110,=1
in cylindrical coordinates (5.8)

N
DA, exp[—(O.Skaxtlsfx -D,, 5 )} exp[—(O.Skay,lsfy -D,, s, )}

2 2 2 2
Six TS 8, S5, — 25,8, — Zslys2y
(=1

1—‘s (Slx’sly’SZX’SZy):eXp(_ 20_2
s

X ZN: A’ exp [—(0.5ka;zszzx ~D}, sy, )} exp[—(O.Ska;[zsjy -D;,, s, )] in Cartesian coordinates (5.9)

(=1

First tackle the Cartesian coordinate expression, for this, use 3.323.2 of of Gradshteyn and Ryzik 2007, pp. 337 (also given in 3.7)

oo , 405 o
jdxexp(—p X iqx):Texp pre (5.10)

After inserting (PC9) into (PC4) and arranging the integration over s, this way collecting the p? and q terms so that the appearance is like in
(5.10), we get (only relevant terms are shown)

p’ q

0.5 . 2 20 \2
T 1 jk S jk 27621 SoxL = jkrog + Dy, oL
|Sl>< = J. dslx exp —(O.Skam +——J—J512X +£ﬂ—JTrlx + DX(lJS‘LX :[ S JkO_ZJ exp ( 1 ) (511)
o S

262 2L o Katyy, o2+ L~ 2021 (kay,0fL+L— jko? |
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05(kay,02L +L - jko? ) S L — jkn,o? + Dy oL

Comparing (5.10) and (5.11), we have identified in (5.11), p? = 5 and q= >
osL osL

In (5.11), the first term on the RHS is independent of other integration variables and hence can be taken outside the quadruple integral. The
second term, i.e. the exp term on the RHS of (5.11) creates terms for integration over s,, , together with the other terms of the Huygens Fresnel

integral, the integration over s,, will appear as

0 . : i jkr,, —D,, L *
ls, = | dsycexps- 0.5kaxlz+i+1_k_ - ) Sa eXp[[ Mo T +Dxfz]32x] (5.12)

4 20! 2L 202 (Kay, 0L+ L - jko? L kay,ofL+L- jko?

(5.12) can again be solved using (5.10). In this manner p? and q terms will become

0.5k [kaxfla;}zasz L2+ (axfl + a;z )L2 + j(O(X(1 - a:(z )kofL + kof}

2
p =
L(kaxflaszLJr L- jkO'SZ)

= (R = o )KL+ (g, L = [ )K%rp302 + Dy 2 +(kaﬂla§L +L- jkasz)D;}ZL

q= (5.13)

L(key,, 02 L+ L= jko?
Then 1, will be

05
ﬂL(kaxglo'szLJr L- jkasz)

S2x

* 202 * \(2, * 2 2
0-5k[k0‘x(10‘x520's L +(afx[l +ay, ) L+ j(axll —ay, )kO'S L+kog }

[ ; A\, 2 2 2 2 I A TR,
—§(ix = Tox )KL+ (g, L = )1 02 + Dy L+ (Kety, 02 L+ L = jkorZ ) Dy, L 6.1
Xexp . * * * - '
2KL (ke 02L + L~ jko? )[kamaxzzag L2 + (@, +txe, )2 + (@, —atye, Jko2L+ kag}
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With this step, the integration is more or less completed, since the y part will be identical. All that is left is the rearrangement of terms. Below we
do this

2
Ko

AmpFac = 05
* 212 V2, s * 2 2T * 22 = \12, * 2 2
Koy, oy, 051" + (axcl +ay, ) L+ J(“xcl —ay,, )kos L+kog ] [kayflayfzas L +(ay[1 +ay,, )L + J(ayfl —ay, )kO'S L+kog ]

= (5.15)

Then the exponential term resulting from s, ,s,, integrations will be (for x part only)

0.5

N 2
[—j(l’lx — Dy KL+ (1, L= §)KPrpu02 + Dy L2+ (Kar 0L + L - ko2 ) Dy, L]
L (kery,02L + L - jko?

EXpT =exp

(5.16)

S

: 2 ,
(—jkl’lx + szlL) o +
* 2,2 * 2 : * 2 2
) k [kaxflaxcz o L+ (axcl +ay, ) L® + J(axcl —ayy, )kas L +koy J

With other rearrangements, the whole expression for I', 1,5, 1, I,,, L of sinusoidal hyperbolic Gaussian beam will be

] k N N
1—‘r (r1x1 rly’ r-2x1 rzy, L) = ko—s2 exp[JZ(rli - r22>< + rlzy - r22y )}Zizl
£=10,=

*

AA,

0.5
* 212 * 2 H * 2 2 * 212 * 2 H * 2 2
[kax,lax,zas L +(05X,l +a,, ) L®+ j(ozx,1 -a,, )kcrs L+ko: ] [koey,,locy,,zaS L +(05y,1 +a,, ) L* + j(ozy,,l -y, )kas L+ko; }

0.5

0.5

[ =3 (5~ )KL+ (@, L - j)k?r,,02 + D, L% + (ke 0?L + L - jko? ) D}, LT
L(kaxélcrfL +L- jkasz)

P k [kaxtla:,zasz L+ (ax,l + a:,z ) L*+j (ax,l - a:,z )kGSZL + kof]

0.5

[=3(hy ~ty )KL+ §(ty, L~ §)K?r,y0% + Dy, L2 + (et 0L+ L— jko?)D;, L |
L(ka,, oL+ L~ jko?)

* 212 * 2 H * 2 2
k [kayﬁlawzas L +(05y{,,1 ta, ) L*+ J(ozw,1 —(ny;z)kO's L+ko; }

exp (—jkr1y +D,, L)2 ol +

(5.17)

30



Exercise 5.2 : 1) By setting r,, =1, =r,,I, =, =T, show that at the limitof N —1 (5.17) reduces to the Gaussian beam and at o, — coto
the sinusoidal hyperbolic Gaussian beam given in Q1 of ECE 635 MT dated 22.11.2011

2) Using ParCoh_SinoHypR.m file, test the formulation given in (5.17) and plot receiver intensity graphs and see if they agree with those given
by Transmittance635 and Genbeam_receiver_Lagu4 for the same source and propagation parameter set.

For the fully coherent sinusoidal hyperbolic Gaussian given in (5.7), the Cartesian coordinate form of receiver field is found to be
N M2

u, (fw Fy: L) exp( kL), OSA’ o5 exp(—o Skat 1y jexp{ D.X”r* Jexp O'SJ.D*”L
= (1+ o, L) (1+ jar, L) 1+ je, L 1+ je, L kK(1+ ja,lL)

0.5ker,, 1?2 D,r 0.5jD2 L
xexp| — Pyiy exp Y lexp # (5.18)
1+ jer, L 1+ jer, L k(1+ je, L)

Explanation on parameter arrangements in ParCoh SinoHypR.m and Transmittance635 and Genbeam receiver Lagu4

In these files, numeric values of source and propagation parameters are written in the form of arrays or matrices. For instance if
Dmat = [0 25 50 200 250] then the writing of Dxarr = [Dmat(2) —Dmat(2)] means that we have set the displacement parameter values for this

specific beam asD,, =25m™*, D, =—25m*. The other arrangement in these files is that in matrices, each line represents a different beam.

Bearing in mind that in (5.6) and (5.7) in the definition of Sinusoidal Hyperbolic Gaussian beams, only two summation terns are involved, i.e. the
upper limit of the summation, N =2, then the matrices are usually in the form of 6 (covering Gaussian, cosh Gaussian, cos Gaussian, sinh
Gaussian, sin Gaussian and annular Gaussian beams) rows and 2 (for the two terms of the summation) columns.

Representation in Matlab

Dxl Dx2
j*Dmat(1) - j*Dmat(1) 0 0 | <« Gaussian or annular Gaussian beam
Oxarr = j*Dmat(4) - j*Dmat(4) | | 200j - 200j <« cos or sine Gaussian beam (519)
1*Dmat(4) - 1*Dmat(4) 200 -200 < cosh or sinh Gaussian beam '
| 1*Dmat (1) - 1*Dmat(1) | 0 0 « Gaussian or annular Gaussian beam
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To further determine the beams in (5.19), we need to look at the amplitude coefficients (ALarr in Matlab) and source sizes (alfasxarr in Matlab).

The following table gives a summary

Beam name
Parameter | Gaussian Annular Cosh Sinh Cos Sine
Gaussian | Gaussian Gaussian Gaussian Gaussian
A 1 1 1 1 1 j
A, 0 >_1 1 -1 1 8|
D, 0 0 >0 >0 . >_0 _ >.O
real real imaginary | imaginary
sz 0 0 <0 <0 _ <_0 _ <_O
real real imaginary | imaginary
asxl asx asxl asxl asxl asxl asxl
asxz < asxl asxl asxl asxl asxl
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