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Abstract
For a Hermite hyperbolic/sinusoidal Gaussian beam with focusing properties, passing through an arbitrarily shaped
rectangular aperture on the source plane and an on-axis x–y asymmetric ABCD system, the receiver plane expression is
derived using the Collins integral. The specific example of a single thin lens placed on the propagation path is examined
at selected source, propagation and optical element parameters. Viewing the progress of the beam in propagation, we
find that subjecting the source beam to an aperture will give rise to excessive spreading during propagation. The lens
setup will act to concentrate the energy of the beam around its focal point as expected, while in some circumstances it
will also execute beam profile changes. By adjusting the aperture opening in the shape of a narrow slit, the beam will
become aligned in the opposite direction after propagating after having traveled sufficiently. The results are presented
as intensity graphs in the form of contour plots and 3D illustrations.
r 2006 Elsevier GmbH. All rights reserved.
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1. Introduction

We have been analyzing the propagation character-
istics of cosh-Gaussian [1], cosine-Gaussian [2] Hermite
cosh-Gaussian [3], Hermite cosine-Gaussian [4], Her-
mite-sine-Gaussian and Hermite-sinh-Gaussian [5]
beams in turbulent atmosphere. Our principle aim is to
assess the suitability of these specialized beams as
opposed to the pure Gaussian ones, i.e. the fundamental
mode, for applications such as free space optical (FSO)
links, laser radar, imaging and remote sensing. As a
continuation of our endeavors in this direction, we
present, in this study, the propagation of characteristics
of a Hermite hyperbolic/sinusoidal Gaussian beam
e front matter r 2006 Elsevier GmbH. All rights reserved.
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passing through an ABCD system. Our formulation is
general in the sense that via the simple settings of the
relevant parameters, one is able to generate the receiver
field expression for all types of Hermite hyperbolic/
sinusoidal Gaussian beams. Additionally the focusing
properties of the source excitation as well as the on-path
optical elements and their asymmetric attributions are
included hereby, which is considered useful for practical
applications of FSO, laser radar and imaging. Recently,
in a different publication [6], the initial results of our
investigations on the same topic were reported.

So far, the propagation characteristics for particular
cases of Hermite hyperbolic/sinusoidal beams, in an
ABCD system environment, have been investigated by
several authors for on-axis and for off-axis situations.
For instance, [7–10] deal with axial (on-axis) cases, while
[11–13] cover the off-axis cases as well as simple
Hermite–Gaussian beam type. Other specialized beams,
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Fig. 1. Propagation geometry.
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namely Bessel–Gauss [14], Hermite–Laguerre–Gaussian
[15], super-Gaussian [16], flat-topped Gaussian [17] and
Gaussian Schell-model [18] beams have been examined
in the context of ABCD systems, along with the
consideration of multiple hard-edge aperture configura-
tions [16,19].

In these studies, one dimensional co-centric square
aperture construction is considered, while [7–13] deal
with a specific selection from the family of Hermite
hyperbolic/sinusoidal Gaussian beams without any
focusing property. Furthermore in these studies, the
lens placed on the propagation axis is assumed to have
infinite transmission aperture and perfect rotational
symmetry on the transverse plane. In this respect, the
distinguishing features of our model can be summarized
as follows:
(a)
 arbitrary source aperture construction in rectangular
geometry,
(b)
 ability to handle the whole set of Hermite hyper-
bolic/sinusoidal Gaussian beams with focusing
properties under one single formulation,
(c)
 capability to account for asymmetric x-y situations
both along the propagation axis and in the optical
elements on the way.
2. Formulation

The source field, usðsÞ ¼ us sx; sy

� �
, is expressed as

us sð Þ ¼ AcHn axsx þ bxð ÞHm aysy þ by

� �
� exp �0:5k axs2x þ ays2y

� �h i
� l1 exp j V xsx þ V ysy

� �� �
þ l2

�
� exp j Y xsx þ Y ysy

� �� �	
ð1Þ

sx; sy

� �
denote the decomposition of the vector s into x

and y components. Ac is the amplitude factor of the
source field and will be taken as unity from this point
onwards, Hn axsx þ bxð Þ and Hm aysy þ by

� �
are Hermite

polynomials describing the beam distribution for sx and
sy directions, where n and m are the order, ax and ay

stand for the width, bx and by are the complex
displacement parameters

ax ¼ 1= ka2sx

� �
þ j=Fsx; ay ¼ 1= ka2sy

� �
þ j=Fsy (2)

asx and asy are Gaussian source sizes, Fsx and Fsy are the
source focusing parameters along sx and sy directions,
k ¼ 2p/l is the wave number with l being the
wavelength and j ¼ (�1)0.5. The parameters l1, l2,Vx,
Vy,Yx and Yy are associated with the hyperbolic/
sinusoidal attribution of the beam such that, their
appropriate assignments will generate cosh-Gaussian,
cosine-Gaussian, sinh-Gaussian and sine-Gaussian
beams as explained in [5].
The beam that originates from the source field
supplied by Eq. (1), after traveling in the free space
environment containing optical items as depicted in
Fig. 1, will be incident on a receiver plane located at an
axial distance of L. There, the receiver field, ur

(p) ¼ ur(px, py), is to be evaluated with the help of
Collins integral (also known as Huygens–Fresnel
diffraction integral) in the manner stated below

ur pð Þ ¼ � jk= 2pB0:5
x B0:5

y

� �Z ty2

ty1

Z tx2

tx1

d2sus sð Þ

� exp 0:5jk Axs2x=Bx þ Ays2y=By

hn
� 2 sxpx=Bx þ sypy=By

� �
þDxp2

x=Bx

þ Dyp2
y=By

io
. ð3Þ

Since our optical items are thin lens type and there are
no misalignments of refraction objects or the axes, the
integrand of Eq. (3) is written purely in decoupled x and
y subscripted quantities. Under such circumstances, the
G and H elements of the ABCDGH matrix disappear as
clarified in [20–22].

It is understood from Fig. 1, p is the positional vector
on the receiver plane. The terms, tx1, tx2, ty1 and ty2

governing the integral limits for sx and sy direction refer
to the dimensions of a rectangular aperture that may be
placed on an arbitrary position of the source plane (see
also Figs. 2, 4 and 5). The parameters Ax, Ay, Bx, Dx and
Dy are the respective x and y elements of the ABCD

matrix defining the optical content of the involved
propagation geometry, such that if the box illustrated in
Fig. 1 were to be a single thin lens characterized by the
parameter alx, then the following matrix would hold for
the entire link from source to receiver:

Ax Bx

Cx Dx

 !
¼

1þ jalxL2 L1 þ L2 1þ jalxL1ð Þ

jalx 1þ jalxL1

 !
.

(4)

An equivalent expression exists for the y components.
The ABCD system is able to account for any number of
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Fig. 2. Overlaid contour plot of three Hermite-cosh-Gaussian

beams, one at source plane, the other without aperture at

L ¼ 600m, the last one is with aperture again at L ¼ 600m.
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cascaded sections with different compositions. Thus,
Eq. (4) is obtained by multiplying the individual ABCD

matrix representation of each section, namely L1, the
lens and L2, in the reverse order [23]. The parameters alx

and correspondingly aly are related to effective transmis-
sion apertures, aax and aay and focal lengths, Flx and Fly,
of the thin lens via

alx ¼ 1= ka2ax

� �
þ j=Flx; aly ¼ 1= ka2ay

� �
þ j=F ly. (5)

In solving the Collins integral, first Eq. (1) is
substituted for us sð Þ in Eq. (3), then all Hermite
polynomials are expanded in series, leaving hyperbolic/
sinusoidal parameters of l1, l2, Vx, Vy, Yx, Yy and ABCD

matrix elements in their unspecified state, a term by term
integration based on the derivation steps outlined in the
Appendix is performed, in the end, leading to the
following result:

ur p; z ¼ Lð Þ ¼ � jk= 2pBð Þ
� �

exp 0:5jk Dxp2
x=Bx þDyp2

y=By

� �h i
� l1 exp �0:5Fsxa2sxQ2

Vx= BxQAx

� �� �n
� exp �0:5Fsya2syQ2

Vy= ByQAy

� �h i
SVxSVy

þ l2 exp �0:5Fsxa2sxQ2
Yx= BxQAx

� �� �
� exp �0:5Fsya2syQ2

Yy= ByQAy

� �h i
SYxSYy

o
,

ð6Þ
where

SVx ¼
X½0:5n�

lx1¼0

�1ð Þlx1 2n�lx1Tlx1

n

2lx1

 !

�
Xn�2lx1

lnx1¼0

bxð Þ
n�2lx1�lnx1

n� 2lx1

lnx1

 !

� axð Þ
lnx1 jF sxa2sxQVx=QAx

� �lnx1 lnx1!

2 0:5QAx= BxF sxa2sx

� �� �0:5
�
Xlnx1

kx1¼0

0:5jQVx=Bx

� ��kx1 0:5QAx= BxFsxa2sx

� �� �0:5kx1

kx1! lnx1 � kx1ð Þ!

�
X0:5 kx1�1ð Þ½ �

kx2¼0

kx1 � 1ð Þ!!

2kx2 kx1 � 1� 2kx2ð Þ!!

 

� gkx1�1
x1 exp

�0:5

BxF sxa2sxQAx

tx1QAx � jFsxa2sxQVx

� �2
 �(

�
0:5

BxFsxa2sxQAx

tx1QAx � jFsxa2sxQVx

� �2
 �0:5 kx1�1ð Þ�kx2

� gkx1�1
x2 exp

�0:5

BxFsxa2sxQAx

tx2QAx � jFsxa2sxQVx

� �2
 �

�
0:5

BxFsxa2sxQAx

tx2QAx � jFsxa2sxQVx

� �2
 �0:5 kx1�1ð Þ�kx2

)

� p0:5
kx1 � 1ð Þ!!

20:5kx1
jrem kx1 � 1; 2ð Þj

� erf
0:5

BxF sxa2sxQAx

� 
0:5

tx1QAx � jFsxa2sxQVx

� �" #(

� erf
0:5

BxFsxa2sxQAx

� 
0:5

tx2QAx � jFsxa2sxQVx

� �" #)!
.

ð7Þ

From Eq. (7), SVy is attained by changing all x

subscripts to y and ns0 to ms0. SYx is the same as SVx

except that all Vx s0 are to be replaced by Yx s0. Finally
SYy is identical to SVy except that all Vy s0 are to be
replaced by Yy s0. The definitions for the rest of the
terms appearing in Eq. (7) are

QVx ¼ BxV x � kpx;QVy ¼ ByVy � kpy;

QYx ¼ BxY x � kpx;QYy ¼ ByY y � kpy;B ¼ BxBy

� �0:5
;

QAx ¼ BxF sx þ jka2sx Bx � AxFsxð Þ;

QAy ¼ ByFsy þ jka2sy By � AyFsy

� �
(8)

gx1 and gx2 will take on the values +1 or –1 determined
by the following conditions:

gx1 ¼ þ1; gx2 ¼ þ1 when real jFsxa2sxQVx=QAx

� �
ptx1otx2;

gx1 ¼ �1; gx2 ¼ þ1 when tx1oreal jFsxa2sxQVx=QAx

� �
otx2;

gx1 ¼ �1; gx2 ¼ �1 when tx1otx2 p real jFsxa2sxQVx=QAx

� �
(9)
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real(x) retrieves the real part of x, ! means the factorial
notation, (k)!! ¼ 1x3x y(k�1) or (k)!! ¼ 2x4x y

(k-1) depending on whether k is odd or even. The square
brackets appearing in the upper limit of some summa-
tions in Eq. (7) indicate that the integral part of the
enclosing expression is to be taken. The operator, rem(k,
2) generates the remainder of k when divided by 2. The
sign |x| implements the absolute value operation on x.

Binomial coefficients are shown in the forms of
C1

C2

 !

such that
C1

C2

 !
¼ C1!= C1 � C2ð Þ!C2!½ �, Tlx1 ¼

1� 3� � � � � 2lx1 � 1ð Þ for lx1a0, erf(.) is the error
function.

Normally we are interested in the intensity at receiver
plane. This is invoked by multiplying the receiver field
with its conjugate, hence

Ir pð Þ ¼ ur pð Þu
n

r pð Þ, (10)

where * stands for the conjugate.

3. Results and discussions

In this section, using Eqs. (1) and (10), we plot our
results in the form of intensity graphs against the
variations of source, optical element and propagation
parameters, where the two last items are largely
embedded into the elements of the ABCD matrix. To
achieve this, the conversion of the source field into
intensity expression is required, thus

Is sð Þ ¼ us sð Þu
n

s sð Þ. (11)

In order to off-set the amplitude imbalances between
the different calculations and obtain more interpretable
illustrations, the following normalizations are estab-
lished:

IsN sð Þ ¼ Is sð Þ=max Is sð Þ½ �;

IrN pð Þ ¼ Ir pð Þ=max Is sð Þ½ �;
(12)

where the operator max will furnish the peak value of
the source intensity.

In all our exhibits, except the last one that is
accompanied by the appropriate remarks, equivalent x

and y indexed parameters are utilized. Therefore, for
graphs of such cases, only the numeric values of x

parameters are quoted with the understanding that y

values are identical. For Hermite polynomials, the width
parameters are equated to the inverse of the respective
Gaussian source sizes, while the displacement factors are
taken as zero, this means, ax ¼ 1/asx, ay ¼ 1/asy,
bx ¼ by ¼ 0. To allow the generation of any type of
beam amongst the Hermite hyperbolic/sinusoidal Gaus-
sian combinations, the settings of l1, l2, Vx, Vy, Yx, and
Yy are adjusted according to the criteria listed in [5].
Although, it is possible with our formulation via the
individual settings of tx1, tx2, ty1 and ty2 in Eqs. (3) and
(7), to design an aperture having unequal sides within
the negative and positive regions of the source
transverse plane, in the scope of the present study, we
only exemplify cases, for which the origin of the
aperture is aligned to be co-centric with the origin of
the source plane. All throughout the graphs, the
wavelength of propagation is taken to be l ¼ 1.55 mm.

By letting l1 ¼ l2 ¼ 0:5; V x ¼ Vy ¼ �j150m
�1;

Y x ¼ Y y ¼ j150m�1, hence adopting a Hermite-cosh-
Gaussian beam, with other source and propagation
parameters being designated as shown in the inset, Fig. 2
displays the contour plot of three overlaid beams,
namely, one at the source plane, the other at L ¼ 600
m without any aperture confinements, the last one being
at the same distance, but with an aperture of the marked
dimensions. As seen from Fig. 2, due to magnitude of
the source focusing parameters, that is Fsx ¼

Fsy ¼ 500m, the intensity pattern at L ¼ 600m is
narrower than that of the source plane, although the
conversion towards a Hermite-cosine-Gaussian beam is
already being experienced [3,4]. On the other hand, the
beam passing through a square aperture, whose side is
three times the Gaussian source size of the beam,
becomes substantially more spread out after having
traveled a distance of 600m. This is to be expected, since
this kind of aperture captures only a small slice of the
source beam effectively lowering its transmitted source
size, thus causing more spreading at the same propaga-
tion distance. We should point out that the computation
of Fig. 2 has been accomplished assuming free space
propagation with no on-path optical elements, in which
case the ABCD matrix is

Ax Bx

Cx Dx

 !
¼

Ay By

Cy Dy

 !
¼

1 L

0 1

� 

. (13)

Fig. 3 provides the 3D view of the beam progress
along the propagation axis, where the source plane
aperture is totally removed. In the arrangement of
Fig. 3, the beam, after being launched from the source
plane, initially passes through a thin lens whose
properties are given in the inset of the third picture, its
image then falls onto a plane closely situated behind the
lens. The parameters of this figure are almost the same
as those of Fig. 2, except the mode indices are changed
from n ¼ m ¼ 1 to n ¼ 1, m ¼ 0 and the beam type is
switched from Hermite-cosh-Gaussian to Hermite-sinh-
Gaussian, whilst the propagation range is doubled. The
lens in question has aax ¼ aay ¼ 5 cm, Fsx ¼ Fsy ¼ 5 cm,
being aligned to be co-centric with the axis of propaga-
tion and held perpendicular to it, at a distance of
L1 ¼ 1.2 km from the source plane. An image (receiver)
plane is placed at L2 ¼ 6 cm further away from the lens.
Comparing the second and the third pictures of Fig. 3,
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Fig. 3. Progress of a Hermite-sinh-Gaussian beam along the

propagation axis with no aperture on the source plane.
Fig. 4. Progress of a cosine-Gaussian beam along the

propagation axis with aperture on the source plane.

Fig. 5. Progress of a TEM10 beam along the propagation axis

with a slit aperture on the source plane.
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it is observed that, due to its finite size, the lens
cannot capture all the energy in the incident beam,
hence the profile is slightly altered. At a distance of 6 cm
away from the lens however (fourth picture), being
dominated by the act of focusing, the normalized peak
intensity is greatly increased reaching twice that of the
source. It is worth emphasizing that, the receiver
plane intensity of the Hermite-sinh-Gaussian beam in
Fig. 3 has now evolved towards Hermite-cosine-
Gaussian profile, since the sum of mode indices, i.e.
n+m ¼ 1, is odd [6].

Next we consider a sinusoidal type of Hermite–
Gaussian beam, this time with the aperture reintro-
duced. A source beam possessing a central lobe is
preferred, and to maximize this portion, the funda-
mental Hermite-cosine-Gaussian beam is opted for,
that is n ¼ m ¼ 0. Using the source and propagation
parameter values given in the insets, Fig. 4 illustrates the
passage of the selected beam along the propagation axis,
where in the first picture, i.e. the source plane, the
borders of the employed square aperture, whose sides
are 1.3 times the Gaussian source size, are also marked.
The second picture of Fig. 4 is the intensity immediately
after the aperture, showing how the hard aperture
structure has performed a knife cut slicing on the
original intensity profile. In the third picture, we see on
one hand, the intermediate step of the intensity
becoming cosh-Gaussian, on the other, the excessive
amount of spreading caused by the aperture effects,
despite the source focusing capability. This spreading is
similar to the one witnessed in Fig. 2. Finally after
passing through the thin lens, the original cosine-
Gaussian beam turns into a pure Gaussian like shape,
as observed from the last picture of Fig. 4.

The last scenario examines the behavior of beams in
asymmetric conditions. Firstly, by letting n ¼ 1, m ¼ 0,
l1 ¼ l2 ¼ 0.5, Vx ¼ Vy ¼ Yx ¼ Yy ¼ 0, the source beam
is transformed into a TEM10 mode. Then, while on the
source plane, this beam is allowed to pass through an
aperture, which is as wide as 4 times the Gaussian source
size along the sx axis and 0.2 times the Gaussian source
size in the sy direction. Looking at Fig. 5, that shows the
complete process of this particular beam along the
propagation axis, we see that, having passed through
such an aperture structure, the beam profile becomes
akin to a single wing of the cross beam studied in [24]. In
conformance with the findings of [24], after traveling
sufficiently, as the third picture of Fig. 5 reveals, the
beam becomes aligned in the opposite direction, which
in this specific case is the py axis, in addition to the
natural spreading phenomena. By employing a lens
equipped with appropriate aax, aay, Flx and Fly assign-
ments, it becomes possible to capture and focus the
beam as shown in the forth picture of Fig. 5.
4. Conclusion

We have investigated the propagation characteristics
of a Hermite hyperbolic/sinusoidal Gaussian beam with
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focusing capability in a free space environment consist-
ing of arbitrary rectangular shaped source plane
aperture and an on-axis thin lens with asymmetric
properties. It is found that, the aperture effects will rise
to more spreading. The previously observed conversion
rules between different types of Hermite hyperbolic/
sinusoidal Gaussian beams are still applicable. The lens
will serve to capture part of the beam within its
transmission aperture, focusing it to increase the peak
intensity.

For future work, we aim to extend our treatment to
more complicated cases like apertures placed on the
path of axis away from the source plane, a multi optical
element situation, which will have to take into con-
sideration the thickness of the related objects and
misalignments. Inclusion of atmospheric turbulence into
this environment would also be another subject of our
future investigations.
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Appendix

In this appendix, the derivations steps from Eqs. (3) to
(6) are somewhat elaborated.

After writing the series expansion for Hermite
polynomials, the integral in Eq. (3) transforms into a
simplified form of

I ¼

Z b

a

xn exp �px2 þ 2qx
� �

dx. (A.1)

For finite limits of a and b, there is no readily available
in the literature for Eq. (A.1), for this reason we have
had to resort to the method of integration by parts.
Solving Eq. (A.1) as an indefinite integral, then inserting
the limits, an analytic result is delivered, where the
various terms demonstrate conditional dependency on
the parameters a, b, p and q as given below

I ¼ exp q2=p
� �

q=p
� �n n!

2p0:5

Xn

k1¼0

q�k1p0:5k1

k1! n� k1ð Þ!

�
X0:5 k1�1ð Þ½ �

k2¼0

k1 � 1ð Þ!!

2k2 k1 � 1� 2k2ð Þ!!

 
gk1�1
1

�

� exp �p a� q=p
� �2h i

p a� q=p
� �2h i0:5 k1�1ð Þ�k2

� gk1�1
2 exp �p b� q=p

� �2h i
� p b� q=p
� �2h i0:5 k1�1ð Þ�k2

�

� p0:5
k1 � 1ð Þ!!

20:5k1
jrem k1 � 1; 2ð Þj erf

�
p0:5 a� q=p
� �� �

� erf p0:5 b� q=p
� �� �	!

,

g1 ¼ þ1; g2 ¼ þ1; when q=p � aob

g1 ¼ �1; g2 ¼ þ1; when aoq=pob;

g1 ¼ �1; g2 ¼ �1; when aob � q=p:

(A.2)

Upon inspection, it is realized that, the conditions listed
above are essentially the same as those stated in the
main text. We may verify that in the limit of a-N and
a-N, (A.2) will reduce to Eq. (3.462.2) of [25].

Since, there is no coupling between sx and sy, applying
Eq. (A.2) to (3) twice individually, one finally arrives at
Eq. (6).
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H.T. Eyyuboğlu / Optik 118 (2007) 289–295 295
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